Difference equations for the higher rank XXZ model 

with a boundary 

Takeo Kojima* and Yas-Hiro Quano^ 

o : 

* Department of Mathematics, College of Science and Technology, Nihon University, 

^ j Chiyoda-ku, Tokyo 101-0062, Japan 

^Department of Medical Electronics, Suzuka University of Medical Science 
Kishioka-cho, Suzuka 510-0293, Japan 

Eh 1, 

on : 

<**] ' Abstract 
• 1— I ' 

The higher rank analogue of the XXZ model with a boundary is considered on the basis of the 
vertex operator approach. We derive difference equations of the quantum Knizhnik-Zamolodchikov 
type for 2iV-point correlations of the model. We present infinite product formulae of two point 

> : 

qq i functions with free boundary condition by solving those difference equations with N = 1. 

m ■ 

o ; 

q ' 1 Introduction 
O 

Representation theory of the affine quantum group plays an important role in the description of solvable 
lattice models and massive integrable quantum field theories in two dimentions [Q, ^ For models 
with the affine quantum group symmetry the difference analogue of the Knizhnik-Zamolodchikov equa- 
tions (quantum Knizhnik-Zamolodchikov equations) are satisfied by both correlation functions and form 
*X" factors0, ||] . 

Integrable models with boundary reflection have been also studied in lattice models and massive 
quantum theories. The boundary interaction is specfied by the reflection matrix K for lattice models 
||, and by the boundary S- matrix for massive quantum theories |7|. It is shown in Q that the space 
of states of the boundary XXZ model can be described in terms of vertex operators associated with 
the bulk XXZ model || . The explicit bosonic formulae of the boundary vacuum of the boundary XXZ 
model were obtained by using the bosonization of the vertex operators || . This approach is also relevant 
for other various models [§, |(| ||, ||, ||| . 

It is shown in [JL4| that correlation functions and form factors in semi-infinite XXZ/XYZ spin 
chains with integrable boundary conditions satisfy the boundary analogue of the quantum Knizhnik- 
Zamolodchikov equation. In this paper we establish the similar results for the U q (sl n ) -analogue of XXZ 
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spin chain with a boundary magnetic field h: 

OO I 71— 1 71 — 1 n—l I 

hs = E « E ^ +1) 4? + T 1 E - E (I'D 

fe=l o,6 = a,b = a, 6 = 

^ a>f> a<6 ) 

1 2 f L_1 11-1 ~) 

q { a=0 o=M J a=L 

where — 1 < q < and O^L^M^n — 1. On the basis of the boundary vacuum states constructed 
in |TT| we derive the boundary analogue of the quantum Knizhnik-Zamolodchikov equations for the 
correlation functions in the higher rank XXZ model with a boundary. We also obtain the two point 
functions by solving the simplest difference equations for free boundary condition. 

The rest of this paper is organized as follows. In section 2 we review the vertex operator approach for 
the higher rank XXZ model with a boundary. In section 3 we derive the boundary quantum Knizhnik- 
Zamolodchikov equations for the 2iV-point correlation functions. In section 4 we obtain the two point 
functions by solving the difference equation with N — l for free boundary condition. In Appendix A 
we summarize the results of the bosonization of the vertex operators in U q (sl n ) |l5|] . In Appendix B we 
summarize the bosonic formulae of the boundary vacuum states pd| . 



2 Formulation 



The higher rank XXZ model with boundary reflection was formulated in ]TT| | in terms of the vertex 
operators of the quantum affine group U q (sl n ). For readers' convenience let us briefly review the results 
in| 

Throughout this paper we fix n £ N> 2 , and also fix q such that — 1 < q < 0. The model is labeled by 
the three parameters i, L, M such that Q^L^M^n— 1 and i £ {L, M}. In this paper we consider 
the following three cases: 

(CI) O^L = M = i^n-l, 
(C2) Q£L = i<M^n-l, 
(C3) O^L<M = i^n-l. 
In what follows we denote the g-integer (q k — q~ k )/(q — q^ 1 ) by [k], and we use the following simbols: 



b{z) 



<l 



c(z) 



q 



l-z ' v ' 1 
The nonzero entries of the R-matrix R^ vv (z) are given by 



(2.1) 



R mv (z)%'£=r® vv (z) x < 



1, 

b(q 2 z), 
-qc(q 2 z), 
-qzc(q 2 z), 



31 = h = fa=k 2 
3i = fa¥ 1 j 2 = k 2 , 
h = fa < h = fa, 
ji = fa > h = fa- 



(2.2) 



Here the scalar functions are 



(q 2 z;q 2n ) oc (q 2n z- 1 ;q 2n ) c 



(2.3) 
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where 



oc 



k lt — ,k m =0 



The boundary K-matrix K^ l \z) is a diagonal matrix, whose diagonal elements are given by 



z\ 
1 — rz 
1 - r/z ' 

1, M ^ j ^ n - 1, 



^ j ^ L - 1, 



(2.4) 



where we have set 



<p®(z) = z 



, a _ i{q 2n + 2 z 2. qin , 



(q 4n z 2 ;q 4n ) 



x < 



(rq 2n z; q 2n ) 



(rq 



2n-2M+2L 2n\ ' 



z;0 



OO 

z;q 

-1„2JW-2L„. „2n\ ' 

)oo 



(r- 1 g^-^z;^") c 



for (CI), 
for (C2), 

for (C3). 



(2.5) 



They satisfy the boundary Yang-Baxter equation: 



(2.6) 



Let V = C^o © • • • Cw„_i be the basic representation of U q {sl n ), and let V z be the evaluation 
representation of U q (sl n ) in the homogeneous picture. Let V(Ai) be the irreducible highest weight 
module with the level 1 highest weight Aj (i — 0, • • • , n — 1). The type-I vertex operator $(*>* +1 ) (z) is 
an intertwining operator of U q (sl n ) defined by 



^ +1 \z):V(K t+1 )^V(k i )%>V z 



(2.7) 



where the superscripts i,i + 1 should be interpreted as elements in Z„. Let us define the component of 
the vertex operators <&^' %+1 \z) as follows. 

n-l 

<P^ +1 \z)\u) = ^$5 M+1) (z)|u) for |u) G V(A m ). 

The dual type-I vertex operator (z) is an intertwining operator of U q (sl n ) defined by 

$*(i+^)( z )..V(Ai)®V z ^V(A i+1 ). 



(2.8) 



Let us define the components of the dual vertex operators &*^ +1 ' l \z) as follows. 

<P*^ +1 ^(z)(\u) ® = $f +M) (z)| U ), for |u) G V(Aj). 

Let us summarize here the properties of the vertex operators: 
Commutation relations The vertex operators satisfy the following commutation relation: 

n-l 



(2.9) 



(2.10) 



(i-2,*-l) 



(z 2 )$f M) (^) = E ^ )yy (^/^)j!;^;r 2 ' i - 1, (.i)^- M) (.2). 



(2.11) 
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Concerning other commutation relations fl3.34| ), ( 3.36 ) and ( 3.42| ), see section 3. 
Normalizations We adopt the following normalizations: 

$^ +1 >(z)|A l+1 ) = \A t ) ® vi + ■■■ , $*( I+1 ^(z)|A,} ® vt = |A m ) + ■ 

where |Aj) is the highest weight vector of V(Ai). 
Invertibility They satisfy the following inversion relation: 



where 



5 „$^ 1 ' i) (z)<i>; (M - 1) (z) = id, 



{q 2n ;q 2n )oo' 



(2.12) 



(2.13) 



We define the normalized transfer matrix by 



if (.) = 9 n £ zf'^Hz-^izy.sf-^iz), 

3=0 



(2-14) 



Let the space Ti.^ be the span of vectors \p) — ®SS=i w i>(*)' where p : N — » TLjnL satisfies the asymptotic 
condition 



p(k) = k + i e TLjnL, for k > 1. 



As usual, the transfer matrix ( 2.14 ) and the Hamiltonian (1.1) are related by 
d 

-/•:•:•(-) = — - 
1-q 2 



2<7 n, , , r+1 l-<? 2 
Hb + const, tor n, = x 



(2.15) 



(2.16) 



r- 1 2<? 

Note that the left hand side act on the space V^(Aj) while the right hand side acts on the space Ti.^ . 
Thus we can make the following identification: 

V{Ki)~7i {i) . (2.17) 

The boundary ground state and the dual boundary ground state are characterized by 



T B i \z)\i) B = \i)B, (i = 0,- ••,«-!), 



and 



B {i\T B i \z) = B (i\, (i = (),■■■ ,71-1). 
Using the inversion relation, the eigenvalue problems ( 2.18] ) and ( |2.19 ) are reduced to 

K^(zy j ^- 1 ' i \z)\i) B = ^f- 1 ' i \z- 1 )\i) B , 

and 



(2.18) 



(2.19) 



(2.20) 



(2.21) 



The bosonizations of vertex operators are given in p5[ . The bosonic formulae of the boundary vacuum 
are given in | pT[ . For readers' convenience we summarize the bosonizations of vertex operators in 
Appendix A and the bosonic formula of the boundary vacuum in Apendix B. 
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3 Boundary quantum Knizhnik-Zamolodchikov equations 



The purpose of this section is to derive the g-difference equations for the correlation function of the 
higher rank XXZ spin chain with a boundary magnetic field. For U q (sl2) case [|l4|, the said difference 
equations are based on the duality relation of vertex operators 

in addition to ( 2.1l| ), ( 2.20 ) and ( 2.21 ). For n > 2 case, however, the dual vertex operator $*(z) is 
written in terms of (n — l)-st determinant of $j(z)'s. Thus it is not convenient to use the duality relation 
for the present case. 

For n > 2, we use the explicit formulae of the boundary states to derive the boundary quantum 
Knizhnik-Zamolodchikov equations. In this section we establish the following simple relations: 



(M+i) 



K<i)( z y^f +1 ^( q ^/z)\i) B , C?=0,...,n-1), 
(l/(q n z)) = K*M(z)i B (i|$f +1) {z/q n ), (j = 0,-.. ,n-l), 



(3.1) 



where the functions K^*(z) J j are given by fl3.3|), (3.11) and (3.1S|). The relations (3.1) in addition to the 



commutation relations ( 2.11 ), ( 3.34 ), ( 3.36 ) and ( p.42| ) imply the q-difference equations of the present 
model. 



3.1 Boundary state 

In this subsection we use the symbols P*(z), Q*(z), R~ (z), S~(z), which are bosons defined in Appendix 
A. See Appendix A as for the definitions. 

Let us first consider consider "(CI) ^ L = M = i ^ n — l"-case. Let us show the following relation: 



*f +1 'V*)|i) B = i^ (i) (^ : ^ (i+1,i) (9"A)H>B, (j = o, 



,n- 1), 



(3.2) 



where 



J ^<0(l/,) X Xj (i = L^i^n-l), 



for (CI), 



(3.3) 



and 



Multiply the both sides of (3.2) by k f (z)ip*^ (1/z), where 



* [ ' {q 2n + 2 z 2 ;q in ) c 
■-(0/ 



(3.4) 



1, i ^ j ^ n — 1. 



Then the RHS of (3.2) is obtained from the LHS by changing z — > 1/z. 
Bosonization formulae of P*(z),Q*(z) and |i) B imply the identity 



/„2n+2 -,-2. „4n\ 

Iff Z ,g joo P*(q n / Z ) 

(q^z- 2 ;^)^ 



(3.5) 



(3.6) 
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By using this identity we have 

^(z)^«(l/z)ci>o (l+1 '' i) (q"z)| i ) B =cSe p *( 9 "^ +p *^/ 2 ) e A 1 |z) B , (3.7) 



where Cq is some constant. The relation (|3.2|) with j = follows form the fact that RHS of (3/7) is 
symmetric under z — > 1/z. 

Invoking the bosonization of the dual vertex operators, we also have for j > as follows: 

kf{z)^(l/z)<$>f +U \q n z)\i) B 
= c*/^---/^#(z)Int(2, Wl ,^ ( 3. 8) 

J J Wi J Wj 

x e Ri{g n+1 w 1 )+RZ(q n+1 /wx)+---+RJ(g n+1 w j )+RJ(q n+1 /w j ) e A 1 u\ ^ 

where c*'s are some constants. Here we set the integrand: 

w jUk=i U 1 - w k 2 ) w k 5h ' i ( 1 - qw k -iw k )\ 

bxt(w ,wi,--- ,Wj) = — — , (3.9) 

Uk=l D ( W k-U w k) 

where 

D(w 1 ,w 2 ) = (1 - qwiw 2 ){l - qw 1 /w 2 )(l - qw 2 /w 1 )(l - q/{w 1 w 2 ))- 
Thus the relation ( |3.2|) with j > follows from the identities 



{ k f (z-^Tntfavtf;--- ,w e /) -fcf (z)Int(z- 1 ,^ 1 ,--- =0. (3.10) 

Let us consider "(C2) 0^L = i<M^n — l"-case. From the same arguments as for (CI), we have 

(0^L-1), 

K*M(z) = x S / n-2A^ + 2L -i , for (C2), (3.11) 



1, (M^j^n-1), 



where we have set 

(q An z 2 ;q in ) 00 (rq n z;q 2n ) 



- -v0 ( z ) = 8 «i,o W f ,«/ ;ooV^ ^ ;oo , , 

W 6 /_2n.4-2 -.2. _4n\ ~n +2L - 2M _ . „2n ^ ' y^^^J 



*(*) 



In this case the following relations are useful: 

/'„„3n-2M„-l. „2rA („2n+2 -2. „4n\ 
f».n+2i-2M,-l, „2n\ /„2n+2„-2. „4ra\ 

e Q <« *>|i> B = ^-^ f 9 ' g h ( 2 4 ; g — e P {q /z) \i) B , (i > 1), (3.14) 

U (r g «z-i;q 2 ™)oo(g 4n ^ 2 ;<Z 4 ")oo V — V) V ) 



and 



where 



e W|i> B = gf (w)e R 7^ n+1) ^\i) B , (3.15) 



(1 - l/w 2 )(l - q- n+2M - L /(rw)), j = L, 
gf\q n+1 w) = { (l-l/w 2 )(l-q n - M r/w), j = M, (3.16) 

(1-l/w 2 ), J^L,M, 
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and 



gf{q n+1 w) = { 



3=L, 



(1 - Vf) 
(l-rq n - 2M+L /wY 

(l-l/w 2 )(l-q n - M r/w), j = M, (* = 1 )- 



(3.17) 



Let us consider "((73) 0^£<M = i^n — l"-case. Repeating the same procedure as in (CI), we 
have 



1 - q — - ~~r ~z 
1 



(O^L-1), 
(L <, j ^ M - 1) 
(M ^ j ^ n - 1), 



^ 2 , 

? + 2Aj-2L -i.ii , for (C3), 



(3.18) 



where we set 



(q in z 2 ;q in ) oc {r~ 1 q n z;q 2n ) 



(q 2n + 2 z 2 ;q 4n ) oc (r- 1 q n + 2M - 2L z;q 2n ) c 
In this case the following relations are useful: 



° Q ' {qnz) \i) B = 



(r-V M ~"2~W")oo(<7 2 " +2 2~ 2 ;<? 4 ") 



\i)B = 



/ — i 
(r g 



(r-lgn^-l; q 2n} oo ( q 4n z -2. q in^ 
l n 2M-2L+n z -l. q 2n^ q 2n+2 z -2. q 4n } 



-e p '^'^\i) B , (L = 0), 



-e p *™|z) B , (L^l), 



and 



where 



(r-l^-l; g2n) oo ( 3 4n 2 ,-2. ? 4n) 



e^W|i) s = 5 WHe«7(^ +1, /-)| i>s , 



(1 - l/w 2 )(l - g -"+ 2M - L /(rw;)), j = L, 

!l ' ' ; 1 (l-^- n /(™))' J ' 

(1-1/w 2 ), j*L,M, 



(3.19) 

(3.20) 
(3.21) 

(3.22) 



(3.23) 



3.2 Dual boundary state 

From the same arguments as for the boundary state case, we can show the following relation: 

\(.i,i+l)f1 /f„n„\\ _ if*(i)f„\j „/„-|rfi(*.*+l)f,,/„rM (3.24) 



B (i\^y^(l/(q n z)) = K*U(z)> B (i\*r +1) (z/q n ). 



For each case the following relations are useful: 
(Cl)-case: 0^L = M = i^n-l 

{q 2n+2 z 2 -q in ) 



(q 4n z 2 ;q 4n ), 



where 



gf\q W ) = (l-w 2 ). 



(3.25) 



(3.26) 
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(C2)-case: O^L = i < M <?n-l 



P(z/3 n ) = 



(5 



2n+2 r 2. „4n 



TI+2L-2M „2n 



(q 4n z 2 ;q 4n ) QO (rq n z;q 2n ) c 



BWe 



Q(i/(g"z)) 



(i| e W = ff * w («;) B (i|eW/«0, 



where 



g* (0 \qw) = < 



(1- W 2 ) 
(1 - q~ L w/ry 



(l-^ 2 ) 

(l- W 2 ), 



(1 - q^^rw) 



3 = L, 
3 = M, 
3^L,M, 



and 



g* {l \qw) = 



(C3)-case: ^ £ < M = i ^ n - 1 
B (i| e ^(*/0 
/■i 



(1 - w 2 )(l - g^rw), j = L 



(l-^ 2 ), 



J = M, (t ^ 1). 



where 



g* (l) (qw) 



{q 2n+2 z 2 ; g 4 ") oc ( g "+ 2M - 2L r- 1 z; q 2n ) 
(q 4n Z 2 ;q 4n ) rxi (q n r~ 1 z;q 2n ) 00 

f (1-u, 2 ) = 

j (i-fV)' J ' 

(l-w 2 )(l-g M - 2i W /r), j=Af, 
(1-u; 2 ), JV£ S M, 



3.3 Correlation functions and difference equations 

Let us consider the 2./V-point correlation function: 



G w (zi,--- ,z N \z N+1 ,--- ,Z2n) 

ri—1 n—1 71—1 71—1 

E-E E - E 

Jl=0 jlV=0jjv + l=0 J2N=0 

G (l) (zi, • • • ,zat|zjv + i, • • • ) z 2 N)j 1 N li 



V 3N ® W Jiv + i 



(8) ■ • • <8> 



JJV + 1---J2N : 



where 



(3.27) 



(3.28) 



(3.29) 



(3.30) 



(3.31) 



(3.32) 



= smt'- 1 '^) ■ ■ ■ *;;- JV+li< - w) (^)*£' + f - n+ %n + i) ■ ■ • C 1,i) (^)N)B. (3.33) 

In order to derive g-difference equations, we use the commutation relations of vertex operators and the 
action formulae of vertex operators to the boundary state. In what follows we assume that K*^(z) is 



a diagonal matrix whose diagonal elements are given by (3.3), (3.11) and (3. 1£). 
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The commutation relations between vertex operators of different types are given as follows JL 6|| 

n-l 



(M+1) (z 2 )$; (i+1 ' j) (z 1 ) 



= ^R^ v * v (z 1 /z 2 ) k j pf' i - 1 \z 1 )^- 1 ' i) ( 



z 2) 



(M+1) (z 2 )$; (i+1 ^ ) (z 1 ) 



= rW* v {z 1 /z 2 )$f> i - 1 \z 1 )®t 1 ' i \^ U*k), 



and 



n-l 



Y J R^ VV \z x /z 2 ))^ i+l \z l )^ i \z^ 



*(i,2— l) 



(z 2 )^" 1 ^(z 1 ) = rU vv '(z 1 /z 2 )$f i+1 \z 1 )$f +1A (z 2 ) ) (j^k). 



Here the nonzero components are 



fl<«> rv (z)'; fc = 



K z )> 3 = fc > 
- ,m c(z), j>fc, 

zc(z), j < fc, 



and 



% 2n z) 



R{i)VV ' '(*&* = r-« yv *(z)x<| q^zc(q 2n z)q 2 ^\ j > k, 

c{q 2n z)q 2{ - k -3\ j<k, 



where 



(z) = -gz 



_ 5 . o ( Z ;g 2 ") c(g 2 " +2 z- 1 ;g 2 ") o 
(q 2 z;q 2n ) oc (q 2n z- 1 ;q 2n ) oc ' 

2n„.„2n\ ( J2. . „2n\ 



1 ^ 9 ( (Z 2 "+ 2 z; g 2 «) 00 (^ 1 ; (Z 2 ™) 



The commutation relations between the dual vertex operators are given as 

n-l 



*(i+2,i+l) , 



, ( Z2 )$; (i+1 - 4) (zi)= E fi( 

Here the nonzero components are 

R {i)V * V \ziJz 2 ))± = r^' v '(z)x\ 
where 

r (i)W'^ =r (i)vv {z y 



i)V'V* 



:>2 



k 1 ,k 2 =0 
fc l+ fc 2=Jl+J2 



(z 1 /z 2 )^^; + ^ +1 \z 1 )Kr i " > ^)- ( 3 - 42 ) 



(«+!,»)/ 



1: 


h 


= h 


= h 


= k 2 


% 2 z), 


h 


= h 


+ 32 


= k 2 


-gzc(g 2 ), 


h 


= k 2 


<32 


= fei 


-qc{q 2 ), 


jl 


= k 2 


> 32 





(3.34) 
(3.35) 

(3.36) 
(3.37) 



(3.38) 



(3.39) 



(3.40) 
(3.41) 



(3.43) 



(3.44) 



Now we are in a position to derive boundary quantum Knizhnik-Zamolodchikov equations, which 
is a version of Cherednik's equation p7| . From the commutation relations (2.11), (3.34), (3.36), (3.42) 
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and the boundary state idcititics (3.1) we obtain the following g-difference equations: 



and 



G {t) { 



zi ■ ■ 



-2n 



Zj ■■■ Zn\Zn+1 ■ ■ ■ Z2n) 



^Tfe/(^^-i)) • • ■ RV '{z j /{q in z 1 ))Kf{z j /q^) 

rx; v ' (z lZj / q ^) ■ . . rj:y; {z j+1Zj / q * n ) ■ ■ ■ rij* (-w<z 2n ) (3.45) 



RV+ijizN+iZj/qn ■ ■ ■ B%£ (z 2NZj tf n )K* w (q n /z j )Rj 2 ^ ( Zj /z 2N ) ■ ■ ■ Rj N v {z 3 /z N ) 



>v*v< 



R^W{zj/z N+ i) ■ ■ ■ Rjj+i ( Zj / z j+ i)G w (zi ■ ■ ■ z N \z N+1 ■ ■ ■ z 2 n) 



(0, 



G W (Zf- z N \z N+1 ---q 2n zy Z 2N ) 

i^ifo/^-l)) ■ ■■R^ +1 (z J /(q 2n z N+1 ))Rjr(z,/(q 2n ZN)) • 



R-J 1 V ~(z j /(q™Z 1 )) 



x K 



{q n /z J )RX* v {z 1 z j ) ■ ■ ■ R v Nj v (zNZ^R^jizN+xZj) ■ ■ ■ Rj^zj^Zj) 



? v*v 



vv 



)VV 



(3.46) 



Rj+lj(Zj+lZj) ■ ■ ■ R 2 N 3 (z2NZj)K^\ Zj ) 

Rf2N(zj/z2N) ■ ■ ■ Rj^tizj I 'z^{)G {l) '(zi ■ ■ -z N \z N+1 ■ --z 2N ). 



Here the coefficient matrces are given by (E^),( 2 -4),(3.3), (3.11), (3. 18), (3.3?), (3.39) and (3.43) 



For N = 1, the equations ( 3.45 ) and ( 3.46 ) are as follows: 

G^(q- 2n Zl \z 2 ) = ^ ) (z 1 /g 2 ")i? 2 Y*(^2i/g 2 ")^r (t HgV^i)<2* y (^i/^)G«(z 1 |z 2 ), (3.47) 
G^( Zl \q- 2n z 2 ) = RXr(z 2 l(q 2n z 1 ))K^{ q n /z 2 )RX 2 V (z 1 z 2 )K^\z 2 )G^{z 1 \z 2 ). (3.48) 



4 Two point functions 

The purpose of this section is to perform explicit calculations of two point functions for free boundary 
condition. In what follows we consider the case i = L = M = and N = 1. In this case the boundary 
K-matrices K^°\z) and K*^(z) become scalar matrices, i.e. 

* (0) (*) = :^xid, K<»r { z)= d34xid. 



The boundary quantum Knizhnik-Zamolodchikov equations thus reduces to: 



^(q- 2n zAz 2 ) = ^^^^^(^/^^(^/^(^l*), (4.D 



G^( Zl \q- 2n z 2 ) 



^\z 2 ) <p<°\q n /z 2 ) 

nVV" 

ipW(l/z 2 )<p*(°)(z 2 /q n ) 21 



{z 2 /{q 2n z 1 ))R v i ; v {z 1 z 2 )G^{zi\z2)- (4.2) 



Let us now introduce the scalar function r(z\\z 2 ) by 

r( Zl \z 2 ) = A(z 1 )A(q n z 2 )B{z 1 z 2 )B{z 1 /z 2 ), 



(4.3) 
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where 



l n 2n+2 2 .Jin n 4n\ I An+2 I 2 .Jin 4n\ 

1 ' ~ (g 4 ™^;g 2 ",« 4n )oo(g 6 "A 2 ;5 2 ",g 4 ")oc ' 1 ' 1 

R( , (q 2n z;q 2n ,g 2n )oo(q 2n /z;q 2n ,q 2n )oo u ^ 

lZj (g 2 "+ 2 z;g 2n ,9 2 ")oo(g 2 "+ 2 A;9 2n ; 9 2n )oo' 1 ' 

Note that the function r(zi\z 2 ) satisfies 

r(q- 2n Zl \z 2 ) = g-^r^ ( Wg 2 ")^ g [g^g g [0^] x r( Zl \ Z2 ), (4.6) 
rfa| g -^) = g-^rvv-^^))^^^ ^^. x r(zi|z2) , (4 . 7) 

Let G(zi|z 2 )j be the auxiliary function defined by 

G(z 1 |z 2 ) J =r(z 1 |z 2 )- 1 G(°)(z 1 |z 2 )j. (4.8) 

Then we have 

r*/ i -2n s 1 - q 2n /(ziz 2 ) 1 - q 2n z 1 /z 2 ^ =. . . . . 

i=o J/ j=o 

From these we obtain 

71-1 

]T b(0|*; (O,1) («i)*5 1,O) («2)|0>b = co r(zx|z 2 ) x (4.11) 

x {(g 2 "z 1 /z 2 ; g 2n )oc(g 2 "22Ai; ? 2n )oc(g 2 "^i^; ? 2n )oc(g 2 "/(2i^);9 2n )oc} _1 , 

where Co is a constant independent of spectral parameters z\, z 2 . By specializing the spectral parameters 
z\ = Z2, we have 

f I „2n+2 In 2n\ } 2 

where the norm b(0|0)b is given as follows 

1 f /C/74n+2-2j. „4n\ /•„4n-2-2?' . „4n^| "| J ^ 

N 1 ' //„4n. „4n\ 11 



Let satisfy a;" = 1 and u) ^ 1. Then we have 

n — 1 n — 1 

53(gV^(? _an «i|«2)i = q 2n Zi 2 J2(<l 2 ") j G(zi\^)j> ( 4 - 13 ) 
i=o i=o 

71—1 71—1 

^(g 2 W )^'G(z 1 |g- 2 "z 2 ) j = (Z 2 "z 2 - 2 ^(g 2 W yG(z 1 |z 2 ),, (4.14) 

3=0 j=0 
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From these we obtain 

^(q 2 ^ B (0\^\ Zl )^°\z 2 )\0) B 

3=0 

= c k r( Zl \z 2 ) x {(-g 2 ^^g 4 ")oc(-g 2n M 2 ;9 4 ")oo(-9 2n ^;g 4 ")oc(-9 2n A 2 2 ;9 4n )oc}- 1 . (4.15) 

Here c k are constants independent of spectral parameters Zi,Z2- 

Acknoeledgements. We wish to thank Prof. A. Kuniba for his interest to this work. TK was partly 
supported by Grant-in- Aid for Encouragements for Young Scientists (A) from Japan Society for the 
Promotion of Science. (11740099) 

A Bosonization of vertex operators in U q (sl n ) 

For readers' convenience, we summarize the results of bosonizations of the vertex operators [ p5[ . 

Let C[P] be the C-algebra generated by the symbols {e" 2 , • • • , e"" -1 , e^- 1 } which satisfy the fol- 
lowing defining relations: 

e «« e «j = (_i)(«il«i) e ^ e «* ) (2 ^ ij ^ n - 1), 
e^e*— 1 = (-l) <5 '-- 1 e A "- 1 e Q ', (2 ^ i ^ n - 1). 

For a — m2Q2 + ••• + m„_ia„_i + m n A„_i, we denote e'"! a !...e m »- ltt »- 1 e m " A "- 1 by e Q . Let 
((a s |<^t))i<s t< n -i stand for the A-type Catran matrix whose matrix element (a s \at) is an integer. 
Let C[Q] be the C-subalgebra of C[P] generated by the symbols {e ai ,--- ,e Q " -1 } which satisfy the 
following defining relations: 

e «. e « 3 = (-l)( Q -l^) e ^e Q ', (1 <,i,j^n- 1). 

Note that 

n— 1 n— 1 

ai = — } j ra r + riA n _i, Aj = - (r - + (n - i)A„_i. 

r=2 r=i+l 

Let us consider the C-algebra generated by the bosons a s (k) (s £ {1, • • ■ , n— 1}, k e Z) which satisfy 
the following defining relations: 

The highset weight module V(Ai) is realized as 

V(Ai) = C[a s (-k), (se{l,- ,n- l},fe e Z ^ 0)] ®C[Q]e A \ 

We consider C[Q]e Ai as a subspace of C[P]. Here the actions of the operators a s (k), d a , e a on F(Aj) are 
defined as follows: 



a.(k)f»eP, (fc<0), 
[a s (k),f]®eP, (fe>0), 
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d a f®e (j = (a\f3)f ® e . 
e a f®e 13 = f®e a e f3 . 



The inner product is explicitly given as follows: 



{ai\Aj)=5ij, (A i \A j )= l{U 3 \ (l^j^n-1). 



<I>f +1 > l \z) = e P '^e Q '^e^((-l) n - 1 qz) d ^ + ^q l (-l) m+ ^ +1 \ 



... 27riWj + i 27riw n _i z (1 - qr«; n _i/2)(l - qz/w n _{) 



and 



(1 - gw„_i/iu„_ 2 )(l - qw n -2/w n -i) • • • (1 - qw j+2 /w j+1 )(l - qw j+1 /w j+2 ) 
x : ^ • • • Xr +1 (9«+i^. +1 ) • (A.l) 



= c *L--i — - 

J J / 7c* 27riwi 2-KiWj z (1 — qz/w\) (1 — qw\/z) 

1 



(1 - qwi/w2)(l - qw 2 /wi) • • • (1 - qwj-i/wj)(l - qivj/wj-i) 
x :$f +1) (2)ir( ( ; Wl )...ir( (; ™ 3 ):, (A.2) 

where Cj,c* are appropriate constants. The contours Cj,C* encircle = anti-clockwise in such a 
way that 

Cj\ \q\<\w n - 1 /z\<\q- 1 \, \q\ < \w t /w l+ i\ < Ig -1 !, (Z = j + 1, • • ■ ,n-2), 

c; : | 9 | < | Wl /z| < ig- 1 !, | 9 | < |^ + iM| < hr 1 !, (/ = 1, • • • , j - 1). 



Here we have used 

XT{ w )=e R 7 (w) e s i {w) e-^ 



w 3 . 



k=l k=l 

00 00 

P*(z) = Yl a\{-k)qi k z\ Q*(z) = al(k)q-i k z- k , 

k=l k=l 

oc 



w = - E aJ $r^ k > w = E ir 9 * 



2 to 
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B Bosonization of the boundary vacuum states 

For readers' convenience we summarize the bosonic formulae of the boundary vacuum [jjLlf] . Let us set 
the symmetric matrix as 

{0, (st = 0), 

^PgP, (B.l) 
*fjj#, (l*t£. £„-!). 

Let us consider the C-algebra generated by the bosons a s (k) (s 6 {1, • • ■ , n — 1}, k £ Z) which satisfy 
the following defining relations: 

r fu cm x [{a s \a t )k] [k] 
[a s (k),at(l)\ = dk+i,o ^ , 

where I(a s |o;t) is an element of A-type Cartan matrix. 
The boundary state has the form 

n—1 oo n—1 oo 

\i) B =e F *\i), F t = j;£a 1 ,,(iK(-*)a i (-t) + ^j;/i( < )(t)a 1 (-l). 

s,t=l fc=l s=l fc=l 

Here the coefficients of the quadratic part are given by 

_U „2(n+l)fc 

and those of the linear part are given by 

71-1 

Pf\k) = (q^ 2)k -q^ +1 ^ k )e k Y,iak) (B.3) 

0, (CI), 
4i(fc) g ( 2n - 2M+L+1 /2)fc r fc -/ i ,jif(fc)9( 2n - M ' +1 / 2 ) fc r*, (C2), (B.4) 
-4 L (fc)q( 2M - L + 1 /2)fe r - fe + 4 A f(fc)q( M+1 / 2 ^r- fc , (C3), 



where 



0, k is odd, 

1, k is even. 



The dual boundary state has the form 

n — 1 oo 



B <i| = <i|e G *, G t = Y,J2^(k)a s (k)a t (k) + J2J2 6 s l) (k)a s (k). (B.5) 



s,t=lfe=l s=l fc=l 

Here the coefficients of the quadratic part are given by 



7M(*) = -^*A,t(fc), (B- 1 
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and those of the linear part are given by 

n-l 

Sf\k) = -{q-^-q-^O^hAk) (B.7) 

s=l 

0, (CI), 

q (L-3/2)k r kf jL ^_ q (2L-M-3/2)k r kf. M ^ > (tfg), (B.8) 

_ qi -L-3/2)k r -kf. L ^ + q {M-2L-3/2)k r -k}. M ^ k ^ ( C3 )_ 
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